Return-based style analysis investigates the exposure of mutual funds to a number of style indices. Because the style weights need to meet particular constraints, traditionally only point estimates of the style exposures have been reported. In this paper we propose a technique that leads to the asymptotic distribution of the style weights. The technique is a combination of the Kuhn-Tucker algorithm and Monte Carlo simulation. This allows us to infer confidence intervals for the style coefficients, and to carry out statistical tests on the parameters.
I. Introduction
Style analysis of mutual funds is an important tool that seeks to help investors to understand a mutual fund's investment policy and objective. No direct information is available on the actual portfolio composition of a mutual fund. Although reading the fund's prospectus seems an obvious starting point, recent research by DiBartolomeo and Witkowski (1997) , Brown and Goetzmann (1997) and Kim, Shukla and Tomas (1999) presents evidence of serious miss-classifications if self-reported investment objectives are compared to actual styles. This calls for better techniques to measure and analyse mutual fund portfolio composition and behaviour.
Characteristic and return-based style analysis are two types of approaches that have been widely used by both practitioners and academics. Characteristic-based style analysis uses actual portfolio constituents as input (e.g. Daniel, Grinblatt, Titman and Wermers (1997)), while return-based style analysis requires a time series of historic fund returns (e.g.
DeRoon, Nijman and TerHorst (2000) ). Because up-to-date holdings of mutual funds are often not available, characteristics-based style analysis leads to poor information. This makes return-based style analysis the more popular approach to pursue. Typically, the fund return is compared with the return on a number of selected passive style indices. The indices represent distinct investment styles within particular asset classes (e.g. value, growth, and small caps).
Using regression analysis a mixture of indices is determined that has moved most with the fund. Style analysis thus is the construction of a portfolio of indices that best mimics the historical performance of a mutual fund. The style of the fund is represented by the loadings (regression coefficients) on the indices. Sharpe (1988 Sharpe ( , 1992 has proposed an econometric technique to conduct return-based style analysis. This technique involves a constrained regression that uses several asset classes to replicate the historical return pattern of a portfolio. The constraints are imposed to enhance an intuitive interpretation of the coefficients. First, to interpret the coefficients as weights within a portfolio the factor loadings are required to add up to one. Second, coefficients should be positive to reflect the short-selling constraint most fund managers are subject to. A non-linear regression analysis is proposed to arrive at point estimates for the portfolio weights. The ultimate idea is to check whether the estimated portfolio weights correspond with the targeted investment style of the mutual fund.
The point estimates for the portfolio weights only provide a limited picture of the information that is available in the historic fund returns. In addition to the point estimates, the asymptotic distribution function of the parameter estimates is helpful in determining the accurateness of the estimates. However, the constraints on the parameters make it less straightforward to arrive at the asymptotic distribution of the parameter estimates. Lobosco and DiBartolomeo (1997) propose approximate confidence intervals for the coefficients.
When point estimates are not close to zero or one, this information is accurate in determining the preciseness of the style weights. These confidence intervals still provide limited information as they do not allow for tests on multiple coefficients. 1 In this paper we propose an exact approach to arrive at the asymptotic distribution of the parameter estimates. We employ the Kuhn-Tucker optimisation algorithm to deal with the inequality constraints. In case of Sharpe's style analysis model the optimal parameter estimates for the model with constraints can be expressed in terms of the optimal parameter estimates for the model without the constraints. 2 We then employ a Monte Carlo approach to arrive at the asymptotic distribution of the parameters.
1 In case of non-binding restrictions at least also the covariance terms of parameter estimates are required. In general however the asymptotic distribution should be used, since the assumption of a asymptotic normal distribution does not apply anymore when constraints become binding. 2 See also Bekaert, DeRoon and Nijman (2000) .
The purpose of this paper is to provide investors with a technique to determine the significance of results obtained from return-based style analysis. This information is useful for three reasons: (1) to assess the preciseness of estimated style coefficients, (2) to test whether coefficients are significantly different from zero and (3) to determine whether style coefficients are significantly different from each other. This extra information has important practical implications for the fund miss-classification phenomenon. Incorporating the asymptotic distribution of style weights makes it easier to track down miss-classified funds and subsequently analyse their behaviour. To illustrate these three main improvements, and to exemplify the application with respect to the fund miss-classification phenomenon, we consider a sample of UK equity mutual funds.
The remainder of the paper is organised as follows. In section II some general remarks are made concerning return-based style analysis. In section III the Kuhn-Tucker estimator together with its asymptotic distribution is derived. In section IV we describe the data that will be used in the empirical application. Section V contains empirical results for our approach and section VI concludes the paper.
II. Stylised facts of Sharpe's model for return-based style analysis
The theory of return-based style analysis asserts that a manager's investment style, both past and present, can be determined by comparing the manager's returns to the returns of a number of selected passive indices. Because of the minimal data requirements (only returns) and low level of sophistication needed, return-based style analysis has gained widespread attention among plan sponsors, investment consultants and private investors. Sharpe proposes the following econometric model:
where t R denotes the mutual fund return at time t, N is the number of asset class factors, k β is a factor loading that expresses the sensitivity of the fund return to the factor-mimicking portfolio return of index k, kt I denotes the return of index k at time t and t u reflects idiosyncratic noise. The factor loadings are restricted to add-up to one, in order to give them the interpretation of portfolio weights:
Finally, to meet the short-selling constraint that fund managers are mostly subject to, the following inequality constraints are imposed on the factor loadings:
Equation (2) makes that we can interpret the factor loadings as portfolio weights. In this
has the interpretation of the return on a passive portfolio with the same style as the fund. In the next section we provide detailed information on the estimation algorithm for the factor loadings. Given parameter estimates for the factor loadings, the model in equation (1) subject to the constraints in (2) and (3) may have two applications: asset allocation and performance benchmarking.
Since the factor loadings have the interpretation of portfolio weights, return-based style analysis is a tool to determine the asset allocation of the particular mutual fund. identifiable and (IV) easily replicated, the major criteria for measuring performance are met.
A crucial ingredient that may heavily influence the outcome of return-based style analysis is the choice of the appropriate benchmarks. While Sharpe (1992) uses a detailed 12-asset class factor model, simpler models often yield more sensible results, like for instance in Lobosco and DiBartolomeo (1997) . A few prerequisites should be met before any reliable results are to be obtained. First, the benchmarks should be mutually exclusive. Secondly, they
should not be linear combinations of other indices. For instance, a mid-cap index is probably replicated by a weighted combination of a large cap index and a small cap index, and should therefore not be included. A way to control for this possible problem is to look at cross correlations and standard deviations. If correlations between specific benchmarks are too high, we could consider dropping some of them to diminish multicollinearity problems. The resulting model should be able to span the whole portfolio asset mix.
III. Econometric method
One shortcoming in Sharpe's style analysis is the fact that he only focuses on point estimates for the factor loadings, ignoring the information that is available in the asymptotic distribution of the parameter estimates. A practical reason for not reporting the asymptotic distribution may be that this is not a straightforward task. The restrictions in (2) and (3) complicate the calculation of this distribution. The standard OLS estimator does not suffice anymore, because this usually does not lead to parameter estimates that meet the restrictions.
Yet, the asymptotic distribution may play an important role in testing significance of factor loadings (Is there statistical indication that the fund invests in a particular type of securities?).
Another relevant test is to check whether a fund is more invested in one type of style than in another one, also requiring the asymptotic distribution.
In this section we describe the Kuhn-Tucker algorithm for Sharpe's style analysis model. For similar derivations and applications of statistical inference in constrained linear models see Gouriéroux, Holly and Monfort (1982) , Gouriéroux and Monfort (1995) and Kodde and Palm (1986) .
Sharpe's model as described in equation (1) - (3) is compactly rewritten in matrix algebra terms as follows:
where Y is a ( ) The principle behind the Kuhn-Tucker algorithm lies in the treatment of the inequality constraints on the factor sensitivities. When a particular constraint is non-binding then its estimator for the associated factor loading is equal to the OLS estimator. When the particular constraint is binding then its estimator is equal to the Lagrange estimator. Beforehand it is not known which constraints will be binding and which will be non-binding. Therefore we consider the estimators for all possible combinations of binding and non-binding restrictions.
The combination that leads to the lowest residual sum of squares and that meets all constraints then leads to the optimal parameter estimate for b. In the appendix we show that the KuhnTucker solution is expressed in terms of the unconstrained least squares estimator as follows: 
The set of all possible matrices S representing combinations of binding and non-binding constraints is given by Ω . The expressions above show that the Kuhn-Tucker solution is identical to the Lagrange estimator ( S b ) for one of the possible sub-problems (
combination of binding and non-binding constraints. In equation (8) we show that this estimator is related to the unconstrained estimator and to some deterministic matrices. The unconstrained least squares estimator reads
and the associated variance covariance matrix is given by
where 2 σ is the variance of the residuals. The asymptotic distribution of the Kuhn-Tucker estimate follows by Monte-Carlo simulation. To arrive at this distribution we proceed as follows:
1. Draw a sample for the error term, denoted with 
IV. Data
To illustrate the usefulness of our approach we consider a sample of 304 UK equity mutual funds for the 1991-1999 period, a total of 108 months. These funds are classified into four different investment objectives, based on the FT Unit Trust Yearbook. This enables us to check their style consistency. From the 304 individual mutual funds we calculate 6 equally weighted portfolios, which will be analyzed in more depth. We calculate an equally weighted portfolio containing all 304 funds, an equally weighted portfolio of funds that did not survive during the whole sample period (dead funds), and equally weighted portfolios of mutual funds within a particular investment objective (growth/income, income, growth and small cap).
As we only consider domestic equity funds, the relevant style benchmarks are all UK indices. We include a UK value index (the MSCI UK Value index), a UK growth index (MSCI UK Growth index), a UK small cap index (FT small cap UK index) and two money market equivalents, cash (the 1-month inter-bank rate) and bonds (the JPM UK Government Bond index). This results in a 5-factor model, which is used to determine a fund's asset mix.
Summary statistics on the different equally weighted portfolios (panel A) and benchmarks (panel B) are provided in table 1.
It appears that funds focusing on smaller companies delivered the highest performance (15.56%) during the sample period. This however is also associated with the highest standard deviation (15.23%). Note that over 30% of the funds in our sample did not survive during the entire period. Because these funds under-performed the average fund by about 2.2% a severe survivorship bias could arise if these funds were excluded. In our subsequent analysis we therefore consider this dead funds portfolio in more detail. (Table 1: Summary statistics, 1991 Summary statistics, -1999 
V. Results
In the empirical application we estimate Sharpe's model for the six equally weighted portfolios that have been introduced in the previous section. In addition we determine the asymptotic distribution for the style weights. In our analysis we focus on the added value of the extra information available in the asymptotic distribution of the parameter estimates.
Where applicable we compare the results based on point estimates only to the results when also incorporating the information in the asymptotic distribution.
This distribution is applied to perform a series of tests. First, we concentrate our efforts on the preciseness and significance of the style weights (table 2) . Second, we check whether specific factor loadings are significantly different from each other (table 3) . Third, we test for miss-classification (table 4) . This answers the question whether a fund with a particular objective actually is for the largest part invested in the correct style. Table 2 presents the parameter estimates of Sharpe's model for six different equally weighted portfolios. In panel A estimated style weights are given. Each row deals with one particular investment objective, where the elements in columns 3 to 7 report the estimated style weights. In the second column the α of the regression is reported, which quantifies the systematic difference between the fund return and the return on the passive portfolio.
Interpreting the estimated weights as an approximation of portfolio holdings makes it possible to check whether funds adhere to their stated investment objective. We find that income funds are mainly exposed to the value benchmark, growth funds to the growth benchmark and finally small cap funds are up to 98% exposed to the smaller companies benchmark. It seems that mutual funds invest as they are supposed to do.
In panel B 95% confidence intervals are given for all factor loadings. Recall that because of the constraints on the parameters, we have made use of Monte-Carlo simulation to arrive at confidence intervals for the factor loadings. Because of the constraints on the parameters the asymptotic distribution may be non-normal which makes that the common ttest is often not applicable. The confidence intervals show that the point estimates are relatively precise reflections of the portfolio weights.
( This leads to 10 comparisons per equally weighted portfolio. We examine whether the difference between two style weights is significantly different from zero. The distribution of the differences follows directly from the Monte-Carlo simulation. Using a simple p-test we then determine whether this difference is statistically different from zero.
Given are the mean difference (column 4), the p-value for the hypothesis that this mean is equal to zero (column 5) and whether the mean is significantly different from zero at the 5% level (column 6). From the results it appears that exposures towards the cash and bond index often are not significantly different from each other. If we turn back to our earlier observations on style adherence it still seems that most funds closely follow their style. For instance, income funds have a value weight that is significantly larger than their growth and/or small cap weight. The only exception to this is the growth exposure for the growth funds, which is not significantly different from the value and/or small cap exposure. (Table 3 : Significance for differences between estimated Sharpe style weights)
The analysis on the equally weighted portfolios as provided in table 2 and 3 does not produce evidence of serious style deviations by mutual fund managers. It may be the case that the construction of equally weighted portfolios averages out effects that are present in individual funds. Next, we therefore consider the mutual fund miss-classification phenomenon by analyzing the historic returns of all individual mutual funds.
We assume that a growth/income fund should predominantly be exposed to the growth or value benchmark, income funds to the value benchmark, growth funds to the growth benchmark and finally small cap funds to the small cap benchmark. If a fund exhibits a higher weight on any other benchmark, we consider it to be miss-classified. 3 In table 4 we summarize the results of this exercise. In column 2 we base our results solely on the point estimates for the factor loadings, in column 3 we also take into account the information in the asymptotic distribution function. On average 27% of all funds is predominantly exposed to a benchmark other than the one we would expect it to be exposed to. Especially growth funds tend to be miss-classified whereas small cap funds adhere to their style for 100%. These results are in line with for instance DiBartolomeo & Witkowski (1997) and Kim, Shukla & Tomas (1999) who found about 30% of US mutual funds to be miss-classified.
These observations however are based on the point estimates of style weights only and therefore do not incorporate estimation error. To test whether funds are significantly missclassified, we again examine the difference between style weights using the asymptotic distribution. The result of this exercise is summarized in column 3. If we take into account the significance of estimated style weights it seems that only 15% of all funds is miss-classified, about half of the percentage we observed without taking into account significance levels.
Dead funds remarkably are persistently miss-classified (22%), even if we take into account the significance of style deviations.
( 
VI. Summary and conclusions
In this paper we present a technique to assess the statistical properties of results obtained from return-based style analysis. Because traditional return-based style analysis imposes two constraints on the estimated coefficients, this is not a straightforward exercise.
We employ the estimation algorithm introduced by Kuhn-Tucker to arrive at the asymptotic distribution function for the estimated style weights. In traditional approaches style analysis only focuses on the point estimates of the style weights. The asymptotic distribution function allows us to infer confidence intervals for the style coefficients, and to carry out statistical tests on the parameters.
This information is useful for three main reasons: (1) to assess the preciseness of estimated style coefficients (2) to test whether coefficients are significantly different from zero and (3) to determine whether style coefficients are significantly different from each other. This extra information has important practical implications for the fund missclassification phenomenon. Incorporating the asymptotic distribution of style weights provides a better picture on miss-classified funds and allows for more elaborate statistical analysis.
To illustrate these three main improvements, and to exemplify the application with respect to the fund miss-classification phenomenon, we consider a sample of 304 UK equity mutual funds. This yields four interesting results. First, the Kuhn-Tucker approach enables us to distinguish between style coefficients in a statistically meaningful way. Secondly, the number of miss-classified funds decreases by about 50% if the statistical significance of these style deviations is taken into account, in comparison to the case where the analysis is solely based on point estimates of the portfolio weights. Thirdly, it appears that funds are not gaming their objective to out-perform relative to their peers, as miss-classified funds on average under-perform well-classified funds. Finally we provide some new evidence on the impact of survivorship bias on the fund miss-classification phenomenon. As dead funds are persistently miss-classified, leaving them out would under-estimate the number of missclassified funds. At the same time the miss-classified dead funds significantly under-perform their well-classified peers by 2.09% per year. Excluding them would consequently overestimate the return on gaming strategies. Prior studies in this field therefore might be biased in two ways, if only surviving funds were used.
Notation
Recall the model that was set-up in section III is of the form
In matrix notation this model is given by
where
and ( )
The dimensions are for Y ( )
For notational convenience the subscript i has been suppressed. In the following we first show the estimation results for the unconstrained model, then for the Lagrange model in which we also take account for the equality constraint, and finally the model with both equality and inequality constraints is tackled. We show that the Lagrange estimator ( ) 
Unconstrained model
The unconstrained estimator minimizes the sum of squares in equation (4A) and is given by
and the asymptotic distribution of the parameter estimates is given by
Lagrange model
The Lagrange estimator minimizes the sum of squares in equation (4A) subject to the equality constraint in equation (5A) and is given by
where K I is the ( ) K K × identity matrix and the matrix P is given by
Proof:
The Lagrangian is given by
where λ denotes the Lagrange multiplier. The first order condition reads
Substitution of (19A) in (17A) leads to the estimator in (13A).
Kuhn-Tucker model
The Kuhn-Tucker model minimizes the sum of squares in equation (4A) subject both to the equality constraint in (5A) and the inequality constraints in (6A). The most straightforward solution to a Kuhn-Tucker problem is to consider it as K 2 Lagrange subproblems, in which the sum of squares is minimized subject to each possible combination for which the inequality constraint is either binding or non-binding. The Lagrange sub-problem that leads to the parameter estimates with the lowest sum of squares and that also meets all restrictions also leads to the Kuhn-Tucker estimator.
The Kuhn-Tucker estimator ( ) 
For example, the case where the second and the third parameter are binding is represented by the ( )
The solution of the sub-problem of minimizing the sum of squares in equation (4A) subject to both the equality constraint in (6A) and in (20A) is given by
and the associated Kuhn-Tucker estimator reads
where λ and µ denote the Lagrange multipliers. The first order condition reads
Solving for λ gives
Now, use the relation in equation (20A), to arrive at
Substitution of (13A) in (33A) gives the required result. In panel A estimated style weights are given. Each row deals with one particular investment objective, where the elements in columns 3 to 7 report the estimated style weights. In the second column the (annualised) α of the regression is reported, which quantifies the systematic difference between the fund return and the return on the passive portfolio. Panel B reports the 95% confidence intervals for all estimated style weights. Because of the constraints on the parameters these have been constructed using Monte-Carlo simulation.
*** Notes In this table we examine whether funds that are miss-classified out-perform their peers, in other words does objective gaming pay? As before, we assume that a growth/income fund should predominantly be exposed to the growth or value benchmark, income funds to the value benchmark, growth funds to the growth benchmark and finally small cap funds to the small cap benchmark. If a fund exhibits a higher weight on any other benchmark, we consider it to be miss-classified. In Panel A column 4 the (annualized) difference in return between miss-classified and well-classified funds is reported per investment objective. Note that here only the point estimates of style weights are considered in detecting miss-classified funds. Panel B takes the significance of estimated style weights into account when forming the miss-classified group and then similarly reports annual return differences in column 4.
** Significant at the 5 % level * Significant at the 10% level
